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ELECTRICALLY SMALL LDOP AN~TENNIALOADED BY A 1101IOCENFOUS AND ISOTROPIC
I •]il FERRITE G'LINDER PART I :

By

D. V. Giri

Division of Engineering and Applied Physics

Harvard University Cambridge, MasLachugetts

ABSTRNCT

A theorotical treatment has been developed for the pr•illem of an eec-

trical.ly unmll loop antenna loaded by no infinitely long, Itdiogeneous, iso-

tropic but loony furrite rod. The loop which carriea a constint current has

benu idealized to be a delta.-function generator. All effective ,.agnotic cur-

rent (volts) to expressed explicitly in the forma Elf an inverse FP'urier into-

Rral. The contribution to the total current from the simple pole which can

be associated with the surface wave is called the transm[sianou current while

. RMN -the contribution frow the branch cut giving rise to the radiated field in,

correspondingly, the radiation current. Also, the asymptotic behavior of the

current very near the delta-function source is investigated. Two values of

elsetri•al radii of the rod awe considered and for one of the cases the

wapetic current it plotted for a r nge of values of the permuubility of

the ferrite rod.
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I. INTRODUCTION

This report addresses itself tn the problem of ferrite-cored loop ancen-

nas. Circular loop antennas with permeable cores have been uaed extensively

in radio receivers. More recently, the radiative propcrtlen of loop antennas

with spherical ferrite co-,7es have been studied both theoretically and experi-

mentally by several researchers. Loop antennas with cylindrical ferrite

cores have not been used as tranumitting elomento, possibly because of a lack

of sufficient theoretical and experimental information,

By way of introduction, it is useful Lo consider an historical review of

this class of antennas. In the early years of radio, receivers (540-1600 K1lz)

emuployed a flat coil of wire, usually wmunted on a flat surtace of the radio

* cabinet, as the receiving element. Since the coil was air-cored, iti perform-

arnce depended largely on the number of turns, coil area and Q. With the de-

mand for compact sets, it became increr.aingly difficult to place large-area

coils far enough away from the chassis and get appreciable sensitivities.

Out of th•s need for smaller sets evolved Lhe idea of using high permeability

material for an antenna core and an early work reported on this subject is by

Kihn, Harvey and O'Neill (1940). Their experimenta involved a core of finely

divided iron pressed with a binder which soon proved to be uneconomical be--

cause of the large mass of material needed for a small inprovemeut. So, a

large perweability material with a low loss was .needed and found in ferrites.

S.ine. their use in broadcast receivers, ferrite rod antennas have re-

ceived only occasional attentiou. As transmitt.ifng eleaents, they. hava bemn

studied more recently. However, Moat treatMenLs [11]-[4] .ave been for spher-

-• ical ferrite cores; an exception is the work of Islam (5] which treats a cy-

lindrical ferrite core driven by a constant current carrying loop. The for-

mulation in (5) consists of finding the magnetic vector potential ^ 4A ex-

asp- -..
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plicitly in an integral form. Some numerical results are also presented for

the radiated field and radiation resiatance at low frequencten of the order

of 300 Mix. In contrast with the work of Islam [5], the present report is a

direct boundary-value approach to find the electromagnetic fields everywhere.

N For this purpose an effective magnetic current has been defined and evaluated.

At least in principle, the other quantities of interest can be derived from

the magnetic current distribution if it is precisely known.

II. ELWETROHAGNETIC FIELDS OF A LOOP WITH FERRITE CORE

Figure 1 shows an electrically small, filamentary loop antenna of radius

a, loaded by an infinitely long, homogeneous, isotropic but losay ferrite rod

Sof the sama radius. The ferrite medium is characterized by ift P0(ý; + ir+ )r

c t (C' + ic2 and - , The meditan aurrouiiding the rod and extending
0. , .

to infinity ta fr e e apace, t naracterized by d0n E0 and k0 V gP0 The

radius of the loop is much less than' the wavelength Af in the ferrite medium

IN so that the loop current i in in phaue at all points &nd essentially a con--

"-' stant. Thus, the only source of electromagnetic fields in this problem can

be represented mathematicall•y by ;436(r -" a)6(z). Furthermore, thers" is azi-0=

muthal syme-etry so that the field quantities do not vary with respect to the

4' coordinate. An harmonic time dependence factor exp(-iwt) is implicit in

all field quantities.

At this stage a discussion coucerlting the relevant fMild components is

in order. Islam (5) states that due to the •ey•metry of the problem, only the

* component of the magnetic vector potential t exfsrrý and then proceeds tc

* find E H,) and It through A., setting all othet.: 'ireld components equal to

V[ zero. In evaluati•g field quantities in certati anterma probleme, it is con-

rvenient to use the component of vector potor1n"l that is parallel to the di-

* rection of the current in the antenna, iui; 41y. A in the case of the dipole['r
I.
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' 1

antenna, and A, for a loop antanna without ths core. Ir both these cases the

par~allel component in sufficient to solve the pr-obl~em comipletely. The ap-

4. proach goverally adopted to to met up and molve an initegrAl equation for the

current on the antenna. '?ith the curre~nt distrtbution known precisely,, other

quantitign of interest cý*n be derived.

There are a frw aizn~laritims bet-weejn ttle conducting cylindrical dipole

antennma and the forr:1tsrod a:Lenna. ,The dipole auteuxi: in mad: up of a wire

of hgh lecricl cduciv~y Pd i drvenby deta-uncionvoltage

generator whil~e tho ferritu rod atnaconsists of a material ofhigh per-me-

ability (magnetic analog of electrical conductivity) and in d-iven by a

delts-function current generator, Prartical metal& like copper, aluminum and

brass have high enough coaductvivties to justify an approxcimation of v.anish-

Ing fields inside tile Mat(Sorial Of the dipole antenna and, if more accurac~y *iQ

required, theories do exi~st for imperffectly *cou~ductiug dipole an tenna [6]

r71. Whil. the dipole anteoia problem has been met up and solv'ed with an int-

tagral, equation, the loop loaded by a ferrite rod is a boundary-value problem

formulated in teivw of dt.ffeidential equations. However, an thle baksis of phys

ical mechazrieus, the ferrite-rod. antenva can well be compared with the dielec-

tric rod anteanik (8). In the feirritiL material, the magnetic dipolets got

aligned in the direction of the magnetic field giving rise to an effective

maguetiation K4 whereas the electric dipole* get rearranged In the dielectric

medium to give rise to a polarization -This snalogy will be diecussed in

further dotail at a later stage.

Returning to the quaestion of relevant, field nomponants, the loop caories

Pareasbilitv can be called the magntic analog of electrical conduiftivityA
since conductivity and p~amittivity can be repreoaited initerchangeably in
a matarial pr wAs~ium with coimplea palrameters.

Bt



an azimuthal current and excites the magnetic dipoles inside the ferrite med-

lur which can be viewed as microscopic current whirl. as shoun in FVg. 2.

Since these currents on the antenna ate in the #-direction, a component of

magnetic vectcn putentirl parallel to the currents, A,, is sufficient tQ.de-

rive all the non-vanishing field components. This is basically the reason

why Ea M 0, E - 0 and N, I 0, anO H II and E must be determined by solv-
p z

ing Maxell'y equationo, appropriately written for varioue regions and with

muiteblas boundary conditions. In fact, this procedure does not require a

current distribution to be defined on the antenna; however, a knowledge of an

•:•equivalent current dist;ýIbutiou on the lUfinkte rod •could perhaps be vet-1

useful in pridictixcg the characterietica of a finite rod antenna, It in

mathematicaV.y .nconveni:.nt to work witth tl-i V x M currents depicted i'.i

Fig. 2; hence, an equivalent picture given in Fig. 3 is used and the Magnetic

current density M is defined.. It is a volumetric current with specific 3 and

z dependence, which can be integrated ovvo' the cross section of thei antenna

to obtain an equivalent magne.tic current IW(z) (volts). This cur-cent can be

derived if the electromagnetic fields inside the ferrite rod are knowm. It

is now necausary, therefore, to determine these fields which are solutions of

Maxwell's curl equations:

44

V X~ (2)

Ilisinatiug • from (1) and (2) gives

9 X Q¶ X () a2 1 .. 3-

;1b. 60, AMO Ei~( EX)(:, 0 and *,,. 5 0, adusing an exipts-
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sien in cylindrical, coordivatea, (3) reduces to

+ + k - + 2C)- 1.. (P M (4)

I oy uolving (4) for . and ,ng.' (1), I and 11 r.an be obtained in terma of -

L as follows;

lip -. . (7a)

z LWP 3p

rjr

f .k j( 4)i) dF (7)2Iv
The Fourier tranaform of (4) is

•. •. continuity, of the tangenti,1 oiectric field. requires that •(P,E) be .'ontinu•

•- :"- ws ac p " * (first b~uzadary condition). The discontinuity in the Lzugen~ial

Smag~netic field iu rthe true elect'ric aurt~ce current dennity, or

•i as aho-n in Fig. I, With (5b) this becu~e

• • • +.Lt"(I) . -(l)) ,
+ + '. 60 a

'~~ A-l? •"'.

~p -. P .' i



The YFourier traamform of (9) ia

F ((2.
•:- [ -.• 1- dg(') +

rri •Ld r ap a ar p~a

(second boundary condition)

k Now the solution CoV (8), which satisfies the homogeneous diffe'euvial equa-

tion And In s2igle-valued, fulfills the above bouwdary conditions and Is wt!i

E bealved at p 0 and inf!inty, is

2 2

( .1 0 for a '4o <. (I1)

L •t .a y - and It fol!ows frow the applica.tier ok

the boundary condltlonm (see Appendix 'I) that ,

(Vla) -H 1 (ya)A 0

(1 A ••'.) + ayzs(: -Ir 11() (Yo4) al ""roH •)(YoW) B iW P A

This matrix equation caa be solved for A and B to give [
A m H (y a)/D(f,) (1.2)

3 iwkial~ 1 ya/(,

whave D(k) $egiven by

D() nli ( 1Y, )H (Y1)m N ]()
D(€•) - n 1 Jo(yn)H.1  (.ye) - Y0o~•<•:J1  (•)ay 0 % • (1)

The *WAbtit•Liou of (12) sad (13) in (10) and (LU) give the. tranefon .-ad

-Al'
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fi2elds in the u regXona. Thua,

iwa LuI (1 y n)H 1 (y 1 (16)

T1,e application of the Fouriar invetsion forruls given

1 , ) 1s) 0 I F
E~ d . 17

A'a 0A

Once the preceding iimtegrals aire m-aluated. the elec~trmag!\etic (telci ij comy-.

plately detonmdned if uri'. la miade of (5a) and (5)

III, REDMITION OF FIV-D EXPRESGION V) THE CASE OF SIN(M. TtRN LW~P AMTEM~A

IN FREE SPACE

K.When m~ I and t. 1, the problem in eqitivalent to thot; ofslopa,

t anna in free apace. Hen~ce, With 01r Cr I 1In (18) the f~ield shoul~d re4 uce

ti) that of a constant current-(;atrying~ loop antenna. ln order to achigve

Vthis r~eduction$ the q1Nantit±iba P 0~ C kV.. y~ and p becnme 1, 1, Iov w~ad

1A Ybat al.Wt hs hno (18) et s

yiafJoil IH (T &)H y

ys (k)y ) ykHI(

0  C 0 (Y0 i)(y) 1 10 ( 0 . 0 O

41K.'

vhere the termwvithin the bracket* in tht dnaliuinator Is a W~ouskian mnd is



*qual to (2/nay0 ). Thromforu,

E (2 PZ) "(-WWOuX 0 1/4) Yl1 (yO!%)VP 0O (icz d

L

1 0
F For a distant poluit (A << x,p) and a thin ,i•aun& (koa <: !) the SM11 argu-

m.nt applroximation for J (yon) - (y 0 a/2) appliae and

, ( 2) 2 2 Tk 27 2)id, (9

Th (PZ (-w a 10a1ii) - 7-n~)kir

The foregoing integral "ay be evaluated using Weyrich's formula (900,

:F. 2

e H (1 (p dF 0

k 2

which I.u valid for P &nd a rr(al; (< arg k2 'N 0 8 A7

+~~~~ 0 ' •K0• a.,

this fowulta is ditfrentiated on both uides dlih respect to p, the result is

" 7 f

(1)
2 ,.<, 1 (pv/ 0. k 0 d .dp

- i i"÷

*1 ~~~~F d(~I 2~/f 4 0 ~2;~3~
*1~2 p./ 1 4 a(P + z- + ,

"When this zesalt is substituted in (19), one obtains .*- .

,- • ...R1~4 ,, - ili. 2

(2 . exp(i p + Z2.,* 4 p2 * •°.., a -+o.,,'[ 2 2 ° Z k .

T Thic expeasuion is Lu cylindrctal aoordinate and can eaN!ly be put, in spWhi--

Ical coordinOteu Oby letting R R*in aznd p + 2 1

IkR stn l
1 ( ' '2-eI a tk/4', i min 0. 0 0

" .. ' " ( L R 2 J
-S .. . .• I ,. ... .S, ,

-* *'
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C zo0 w-) (I - ýkoR) sin 0 a (20)

This is the u"ual form fur the tar field of a current loop An free upmcu and

Ui in avreoeani vitlh thle 'rt'mults obtaincd by King 110] nnd Wait [1I].

IV. MAGN'LTIC ClRRENT ON THlE FERRITE ROD

S•-From the knowledgecf the electric field inside the ferrite rod, the

miagnet±c current In thu a&u~etutk. can be iound. As pointed out in Section I,

ta knowledge of thlo current could be useful in ,rder to predict the chi rac-

terintics of a finite rod antenna. The foliowiog procedure i' adopted in

finding the current Z 1) since EM1) in knnwn, H can be found using

* (5b); 2) mi-tg the ferriL-..Mediuw is asumed'to hr. homogerweoun And isatropic,

M ( .) ) ( )H (p,r) is easily found from which
r

v 0 f 0,C) 2wp dp (21)
0 x

---- • ) (~z) E i)(p

(P ~ +4

The substitution for E from (17) givos

" 'a , '�) (yoa> yJ..(I":P) + ., 1 (yro)
z (P.) , e d&

With the iden:ity MJ(i) + Jl(w) Y. 0•J(x), this becomes

o 1~(Y) (a)

F-..,-. ( )

0 .
H3, ,P ) -0

I)H (P.
••••••••••••••
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The use of this formula for M1 (p,,) in (21) yields

M 7 ( Y a) a
X r 0 0  0 1 J( 1p~~ ~ E

Let the variable be changed to Lhat x " ylP; then

(za) -iW(11 1)a1*OP 0 [ ~ ya F ±~ xd (22)i ~~~C * •H ez 1f xMO(x) dxd (2

To do the x iutegral, the following Udentity Ii used,

XJo(X) - xJ.(x) + .11 x [xi W()I
01. 1 dx I

Both sides can be Integrated rith respect to x:

Th~erefore,

ay1  ay 1

- xio(x) d - x1 1 (x) W AyJl(Yin)
00 011

When this result is substituted in (22), the following expression ia obtained:

Iz)--Iw(r 2 1~ O• (Y")lYaU~ . (yi)-- ] di.

(23)

Thus, the isagetic current I (z) (volts) in the ferrite rod is expressed

exp).icitly in an inverse Fourier Integral fotm. The investigation of singu-

larities rf the iztegraud and atwumiccl evaluation of tMe Intelral form th

subject of Sections VI and VIZ, respectively.



V. ASYMJ11A'TIC BEHAVIOR OF THE CURRENT 'VERY NEAR THE DYLTA-FUNCTZON GENERATOR

To .c)tain the behavior ne~ar the driving poi4V, the k~oilowing integral

must too ,tivaluated as z -~0:

0 0

Thts is more easily accomplinhed i6 the tranaforrn&d 9PAC'O Of C. The Fourier

'rnformed current

2rl (1O) JIyn
-(-)'1Aa(Lj ral 01 0 0J11y&DM

czau he evaluated as r~- which in equivalnnt tn looking at z.-~0

1wa2 2p a V )H~l (Y n)J (Y a)

k2ý C2 2 2 2 222

0 0

__ II
PC 0 2w7iwjr -' )a (-2/Iw)K I(aI9i 1(40)

~ici (at L4-2(a5fM.Y 1 f (a()

4P114 
A



-14-

-[O2•iu10(Ir - I)Kl(,)I1 CaI)

With the uso oi the asyaptotic exp&natonu,

SK 1 (z) "_ AT2x e-x

SK0'x) e-x

10 i(X) A gx i eX

2 x

e ,r Ji

•. , _2•ithia 0 p 0  I 1,r
0 r I

+- +

Since the current on the antenna. in an even function of z, one can write • in

the foregoing expreosion an Wf and take its cosine invarae transform to get

I (z) a@ z 0 0. Thus,

I:Z
a r'+ -- W ,n IZI + ýinita Integrals (24)}0 0 0 + I

This equation states that the magnetic current has a logarithmic singularity

at the source and is similar to the isolated dipole antenna in free space ob-

tained by Wu and Kiug [U2]. . j

VI. TRANSMIISSION AND RADIATION CURRENTS ON THE AENNA rt

To evaluate the f£nloving integral, tna stngularitien of thv integrand

mat be investigaceia;

El 4AI •
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K with (C y)1 (11 ) wher YI

and Y A 7,

The total magnetic current I (z) can he thought oi au a uua of a tranu-.

mission current IT(z) and a radiation current I.R(z). The Contribution frobi a

simple pole gives rise to the transmission cu-rent 4nd ia avuoclated with a

surface wave on the antenna whereas the contribution from the branch cut it

M correspondingly the radiation current that maintains thl electromagnetic

fields at distant points. 4
Note that . +k are riot brAlcil poiilts Since thu intugrand renialna un-

changed upon adding n to the argument of y.' Thum, -1k are the only

branch pointm. The polea of tile integraud can bu determained by Holving
(M) 0, whLch will be dLscuised in derail with reference to Fig. 4. This

figure shows the path of integxAtitu, the pole location and the branch cuts

ij n the complex E piano. At this stage, for illustrative purposes, p and cr

are assumed real.

a) On the real axis, for k < < ', with a - -iY 1 and
"Am/T 2 l(3. a) - r•J~u ll(ih~a)"

k0 . _-iY; L)(ý) - iaJ 0 (ima)1 1  (10a) i

I ,ntroducing mudified Beusel functions, P(t.) 0 reaiuiren that fnalo(qA)K0 1 1a)

+ pr al'(Cta)K0(ta)3 be equal to zero. Since for real and positive valuea of

rA and A,. the modified Besual functions I0, I1, K0 and K1 are all real and

positive, this requirement cantnot be uiet and hanuo no pole can exict on this

part of the real aKis.

b) OW the part of tle real ais where 0 ,< and on Fhe entir

imagitary axis, D(C) 0 requtreso that

A

3:.. , . . ., .. . .. .- , ,
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FIG. 4 COMPLEX $-PLANE SHOWING THE SINGULARITIES AND
THE PATH OF. INTEGRATION



'y aJo(Yla) tj;( (y0 a)
pya 1 0 y 1 0l

J 0 (Y0a)Jl(yl) J 1 (y 0 a)'.0( 0 a) -- Jo y0 a)Yl (Yoa)
:, "2 2 2 2(ya

J 1 (Y a) + Y (NOa) J (Yoa) + Y (Yon)

The left-hand aude of the above equation is always real for the range Af

values being considered whereas for the right-hand oide to be real.

r J 0 (y 0 a)Y0 (y 0,) - Yo(YOa)J;(yOa) should be equal to zero. But this is a

SWronskian and cannot be equal to zero. Therefore, there ia no pole on the

part of the real axis for 0 < I,. k or on the entire imaginarv axis,

c) On the real axis, for k 0 < J•j < k1 , the equation D(f) -)0 bcon•e

aj( H(1) MO.) UioIj 0 Ia)1i(.) (i~3a) 01. la0 1 .

or (26)

Ya ylaJo(-'a)K (oa) + v3,4a3(y 3 .9.)K 0 (6a) - 0

S-y 0 (y)/JI(Y) - UrW 0 (x)/KW(x) (27)

where x and y are both positive and real with x Pa agd y - yla. The tralas-

candental equation (27) is nimilar to the one obtained by Sommerfeld [18] in

the problem of waves on wires. However, the graphical method used here for

Z solving the cquation i eassentially the name'as that of DImcan [81, Since

th. rt•ht-hand side of (27) is always positive and real for lusslaos ferrite I
medium, a solution in pomsuble only.when y it such that Io(Y) and Jl(y) canry

opposite sig•ns This can a1w be observed In Fig. 5 and leads to

<a 10 for i 1. 2, ,,, (28)

"whore is the solution, io, D(±t ' 0
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ti'
•-=I yO,£Wo o J 0 (y)

•Yl,(i+X) ' (-i~) th zero of J (y)

for example,

- 2.405 Y ' 3.83,6-YO, 1 ,2

•Y,2 -= 5.520 Y 7.015

- 8,654 - 10.174

From Fig. 5 it is also clear that for evebry value of x there tre infinite

values of y which satlofy th& transcendental equation (27). Each of these

solutions correspond* to a rotstionally aymmetrical 'E piopgaing mode onUK

the antenna. Fig. 6 illustrates the uulti-valued nratre of y, tising out of

the infinite branches of the left-hand side of equation (27). Each voint

(x,y) on the dashed curves in Fig. 6 leads to a poRsible solution ±t0 Also,

2 2 R2  (29)

x + y (29)

2 2Suhere R- (aki) t;- 1). 0 rr

Since x ardI y have to satisfy equations (27) and (29) simultaneoawly,

there are now a finite nuwber of solutions Am examplified by rhe circle C3 '

If R is such that 2.405 < a r 5.520, only the dominant T? mode is supported

by th& ferrite xod. If R < 2.405 like on CI, t•e antenna is below cut-off

for ail the propagating surface modes. Furtherwora, for practical ferriteb

sincs 0 z >> 1, R ,". k Thua,. one can reach a conclusion that ak1 has-to

, be at least 2.405 for the surface waves to appear and additional modes are

supported it Mr is iucrraesd aufficientl7. Also, when a murface umvs Ln

MM Q •/.
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i~tN propagat~ion constautL F. wiill11c between the w~ave numberm k and
0 0

ki of frre vp.Aim &ad Ole farrite tnediurnd, rampect-ively.

d) It ljlý rceastng to auamia.. t~he finite complex Plaau! for th*o Sulu.-

tions .)f thcu equait~io D(1.) -0. Sinice no anal8ytic soiutiori iii pussiblu, nlu-

merical procedure iconeinted of cuo~viting tin magnitude of Lth. recipruc-al tit

NQ~ at ac-ý,aral gild yroivta in a square of aize 2k1 in the first quitdraiit of

tho cowpl1,i r, plane, Thifl coputation wo carried out on both the ReaAzin

sheetv of the complex inerý, ot (23) for L; . - 10.0U and Uk -0.0':.. A
0

colutio;, .0l~; 0 is tunt~ified with1 a pea~ed buhiavlor os( increasing Aim-

pitte 1'~1ID(.0) . Tite realI-iXI.8 dolULion Of c) L1 k&c k0

wau fOwo!. W~rh1IJA C-~plUizt .'tnni. acc~uracy and no olur-e Pjoiutilon rouLd tit fotnud.

Alhog .t'Af) InU t.1ut: A hocutie nvrci urth uoa f L' I aou(

uuL .14Lthu uiu~ullu -1 ally, J.1 ti"Lý 1u"ýCr halt. plaino , leadilug"

to gowa~vaes, ara to bc discarded. Furthurmore, arn-t solution away froUL

lký 1"-. r, in tits upper httilf of the ooeiplcx 1 platne giveis rlac to rak1ipiy

Attnuatiat, Rurfac- mzvea wihichi are sigulticant only at ver-y short diatancea

fyA'm t1M deltia-fww' ilou ;iirtflto.

Iketutninp, to the iutivgral of' equat-ion (23), the original IML1 (If 1.o.Le-

grv'L.ion (, U11ich 1:U16 illung the r".xl axiu v-.thl vuitabla indaiie1L1,Ilim, cakn

defurr~ae. atid vhuw.nt equiLvalent to thi,, coittour Y' if the pola cn~i4ittiluu At

- im xut',:biy taker~ into u1uouu.cULst Aev.f,. 1XT).I,
ThC Lotal Mn~,ji&ctle CUiient I. (t~) rLaU U$J bP, V:ttU1I A~

(Y(
ryo t 7
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-Akid (11)1)1
1*(0 .i ( 0 T)(d (1

TIhm contour F as shown in Yig. 4 conm~mst of piitli C anti whAich run

tc w;hs left and r',ght ol the branch cut and almo C which is a memi-circuiiit

Path rrcurnd thý. branch tip. It- can be shiown Lhui tile coiitributiun aL the Lip

is V&niehingly gr~ll VAAChI ]aAVen Only SttCtI.OnS and C to be cozptfted,

l~t thie variable be changed so that KO- K(I + ye )

On C f, 21w (32n)
L ~ L 0~/1

onf CR r +y

(7 m-(U P 11') yd 3

tH itk U
0 1 R

1L IIL.
541ryt116 Q AP4 fh~ fi vid (32) aid~ h 1{arik4 £ wO.iuiiu, raaou

1ýt11

OWiv. (34b) I

~4~4w4

(v; 3Ses

(kt)1.1 J ()W~l(V) 35m

1 ~i441 ~ ~ ~IV



U - + i~ 2 (36a~)

v k1 +1,2 (3610)

IUpcn usin~g (32) iind (34), theC LW inte-grals iu (33 ca be combined to

7vlsid 2
i k r, T() Y

1 ~ 06 "a 0 i~v dy (3i7)

wher t- 12071 ohis in the tr. apfflel Clarnct'43CigtiL £?up~d~lnCr; ý(,V

B~u~v) and u~v arQ dmliutd L." (35i) atu-J ( rvv pvctIvuiy.

V11. NUMERIC.A.L COIIPI T01AM

I1l uldsr to COmWUte luumar.iýally L (m) fr'om (37), It In Ajaeful to exmn

tOA nature uif t~he Lutaitaod. yquntloo (37') ir. rewcLttaii VAI fonilu,3.

1~~; 00~ O~ii'. Gr 1) ()Ak * 0 f('06 %A (30)

AMO lllt7.t'r1Ill Wi'..ll 111 VALUf a .upprtoai~ LKfivori by4

1(y) (Y It(Y) J, 1 u~~~)~, ~(~

("Mi () 1 1 v ;4r V) I(UM ; O' 1u 0 u)k 1.1 r vI (u)4U

(39)

OU + ~ ly). '%~ (1 4.y)'

VprtAK IV ftUU-VtJ~4I cv' AvtW rqq~itr 4 o GowMto'101 V 0i ho

0 xv Wa~lA 4r*; vikA k)



BSLSH4J (of bitit; [I.1 l~n tc,'i u1ioificd for double preciion nr~curacy. Mel

U- 4

.3ta',dtrby solving 14 qutrai e a tw. TenuV Ls made of L1ra' c up1Lx dr-u

ithm ~ ~ ~ ~ ~ ~ ~ ~ ~ I by casin th ioit acisi h om(~(t+ k ,b -c . n



parts of tho total intogrand tire rApi.'ly decaying funcinrLons of y ilud it wito~

found that f and f need ba cnlculatcd for y ranyirkg from 0 to A0 only,r i

In tits expresoeur.i (39) for f (y) U ~U1d V aX-V the IuaPIAIX VrPumeutntF Ot

flussul and Hen~kel functit,-)ns, respecztively. Witiý the n'iximurl value of y noait

50 and fox' thu rainge of values of ak 0 , ri and E considered, lul aud V1v;

not exceed 15 and 10, respectively. Th-A'. *aiures that the ,nubrouLinea LSSLS~11

and BES11 a~re %,%ed wel!. wltllin the Innge oti their unildity.

i) f(y) &a a-function of y, and the numerical intogration for ti ada

Lion current:

lIn this nectiuu the belLuwioz~ of the real und imapjaary part~a f -.Adf

of fl,!) [which can now be calculated usiflR flE"ISI aund BSU,141.] In diELcuuutwd.

ItIki d 9A*21ctric Clintltune: V M. the frarrite nuitdium :In ii hd conntant: at 1.0.0.

Tv.'il uea o! electrical radii. viz,, ak0  0.05 and 0.1, are congidered,

A,ý e-ý_ch ak 0 thn reaitive petwaebility wi In varied o~ver u~ rAnge u1f valucs

Okt~tuding from 10 t-1 200. f and f are Phown graphieally in Figs. 7 and 8.

otthe rod v.ith thle mmaller radius, f and f have, respectiviely, &

pool JLVO MidA tkgativ. peak (Fig. I) Initially, but an t;in increased their

ioles axLc reverse~d. A nortewltaL siodlair behaviox iu found for the Inrgor

radium (Fig, 8). Furthearmore, in either caue, both L and f £tent] asymptoti-

cally to zero for largea values of y. 'rho. decay uf both the real arid inag-

inery parts of the total inttoRrand [(y)cxp(--yk Zfl i e ven faster because (it

thw lWultiivlieatiVc vw41 expuimuntiol factor. Due ton thim, n prOAlt~iinry 'Vval-

uaticii of tits integrik] of equittion (A0) nhowed that the upper limit of inte-

grntion rau n ' roplaced by 20 or less wittiwuti any significant lome in acclur-

acy. It ip Important to perform the intecagration accurately arouid the~ pv

tLecauee of its. aignificauL contr~butionI tu the total £~tegAV41ý A 12-pointGassqadaur ouie r= 1/30IB Slntfc urotn*pckg is
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been used 116]. In order to meat a specified ,:onvergenc, criterlon, the

total rango of intagretion was divided into sufficient number uf panel.dr, nut

to exceed 5 in any case. Since tha itaegrand hln been previoualy calculated

and plotted (Figs. 7 and 8), thr location of the peaks in both thbe real and

i sa•inary parts are accurately knowni. Paneli ate of unequal widL1h aind are

, ;..ovely spaced around the peak. The optiwm number ot panelm M In de--

cided by requiring that the value of the integral uaing M and (M + 1) divl-

sions differ by less than 10- 11 magnitude. The results of thess computa-

tiona are shown graphically in Figs, 1land 11; they are discussed in Sectirn

Vill.

B. Ttranamsaiou Part of HagtRwClc Cm~tot

The tranimiuiion current on the antenna 1, givpn by tho contributio1n of

the residue at the polm F, - ý0 to the integral of equation (25). Thin wan

calculated in (30) to be

Si•2V(•r I)H•I (-Y C)J (jla)ei•
T (volts/am) - 211 (40)

I'D A
C dý

The location of the pole F - F0 was briefly diacussed in Section VI. it

00

saanwe calculation for the came of real paramter3 wr and cr' Fix. 9(a)

showa the electrical radius'ak0 an a function of frequency ranging from I to

1000 MTH. Practicta values of the diameter of ttw ferrite rod atk oidmrud

and it ranges from 1/2" to 4". in an actual experiv4x.tal aetup, care Muor: be d

taken to etiuru the validity uf the cCMnitaut curu'L app;'oximation in the

driving loop by requ.ring uk 1' , Having ddr-At- ud aIV tntd knowing w

Q 0r
and E o'ia can obtain thn vAus of tim pa~rAuetex viL ich tliai. is plotted lu

Fig, 9'c) as illustrated. A kvioledge of u from Fig. 9(c) iii uned in U(a)

0I
• ] ,A
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Lo daturaL~ne the value of the propagation constant norm~alized to the free

space wave number ko. Latuing C/k0 NOS , carryinouft y the di.ffojrentiition iii

tita deno~minator and after aimplifying, (40) becomieii

in 0 z_

(volts/aaup)2 2J)
10~~~ 2 J.+ 2~%~_ ~_

%0  (YO' X0 'r-1) ()

where 4 120wr oh=~ is the free space charactiriftitic lm cd~ne., an~d R

2x ~ 2 1/2

Th2 traev.ling-wiive nature of tho tranaemtsgiori .Ari-01L Lap. nov be sceii

from (41) oo th~at it ins ,afticient to plot rh6 "iguiiitde of the no-Mnil1zed

current JIa)/ A funcion of~ tha normlized disatnce.T 0
Fxa~F1ti jil, "10(0.0, Et ~ 10.0, f -50 ?l1lz, 2.a 0 0762 U or 3 IU.

i) rrow rig. 9(a), 0k .04

ii) From Fig. 9(b), K 4.0

iii) From Vig. 9(c), 'x .2.50, yo 2..12; thos, xOA- Z2.5

iv) From Fig. 9(d), Ik* 62.50;

Using the nbovvm value*a In (41) 1()ltis found to be 39.05 vults/aap and

is zho~i' Aottad in VIS. 11.

An electrically ovial loop that carries a constant current and 14 loaeded

by an Infinitely laenj, ho&geneout, i otrop~ir forzifce rod Pees heart cotild 04a

t~krito.-io4 4autwnA. The ftvrrlte-~roId 8tenna is treated uaix.j 6 boundary--

value approalch. An tpliit *x o~pressi~oi for rho m~agnetic currunt it, ,h#% ioxm

ot an iuvaera ounrior intoalx. has ~i~xdz-,i-od an~d nuearically compt.,ted,

Twa values of the lalctriicat rvaJua Lowr the oo armi ionsie4oerd. For- oniw o tha

CA"*e the aetic. -11let to representced axsapic,*llý? as a fuzsttkii of tLýa



tiorm.alized d:4.taince fer n r&nga of valuou of the rulative permeabiiity of the

ferrite rod. The magnetic cuirrent in fou.nd5 to consist of a tranamission a1nd

a cadiatl~u p~art. !tf p ad crof the ferr~te rod are assuated to bu rea.L,

thtan the tra~iimissaion current can be assuciated with &it una~ttenuat ed TE Fur-

face vave. TUNit urfaca wave Is rotationally syimmtrici uind has, a cut-off

coadiition. Since this surface wave doos not contrtbute to radintiu"i, the

ctoff conditton is esaily met at fraquenLteeweefert-o ~nengir

ustfud _'n pruict;ice etnd, thtus, the propagating surface r~ode cao be rade to

diuappoav, Thd rad4Ltiovi current on the ferrite rod is a decaying function

of aistance awayv from the delta-function nource. Furtheriwora, thle 'IPYMPtotic

behtiviar of tho %aBgnetic current near the dellta-unction genelatur wart f ouzd

to bp- logaribLwalc and. hence, owiziler to tht- O.r.ttiC. current in Lhe dipole

nnteana (Wu and King [12]). Thn axlAicogy ot'Azeen the ferrite--rod antenra and

the i.-oidlictiug ewlindrica.1 aipole anenxna vas discusesed in Section 1i. 1t

wav Cleo mentionad thut a coiWarisort of the ferrite-rud antenna with the di-

elac~tric roe auttunai is, poes:Lblo on the baois of phyiicai mechanisms inoide

the aw~ter~i4l. The prevaent foruaciation can br compuired di.rýctly with thew work

rite rod are of necessity finite and evar eieetricaiiy tihort. Therefore, u

lvgluini extLvnai4Jn of tiiia formul~riT-oa im to obtain Ltz~necic current:, dlutribu-.

tiotis oil a finl-ýe rod. With thli current diattibution prucisfely huown, in

principle, uth~zr 4uantlt-iea vf iuterest like the radiated field ind radiacioisL mkrnqty axt be darivate from it. It is c*epect4Ld thsI: this will. fcOX-a the

su.bject oif Part il qf thil report to be pu~lishm at aL later diite.
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LIST Ulf SYMUL•

S(p. *,•) Circular cylindrical coordniraten

p p 0(iO; i(j ), porma il-tv of farrite adium

0Or r
jr Complex relative permability

S(r' + ic", pcrmitrivity of #:orrito medium

Or rEc cowlex dialgetlic co,"Gtn•.

0 Conductivlty

I Stre•gth of constaut curiehit in the dvivinM loop

a Ridium of loop - radius of forrita rod

Angular f requency

k. -/t wave tnuwboar

Fourier ta'in form variable for Z couldln~tc

_ (p,) •z-tra eforsmd electric field

J1n 00) 3easel function of firoL kind and order nr

Y (X) Naumann (grtetion of order 1

11((x) WRankel function ot first kind and order n
n

H• '() W Hanksi fuwicton of secoid kind and order u
n

[Above functiona when primed man derivative. withi rapepcc to their arsrzents]

lk,2 72

.(R.,aO) : olar ctozdinatas

I am trarefuI to Frofemaor&.1. .W. P. King and Tr T. Wu tor tVAir valu.-

able advit e and ometcihis ur, an Kim. rgiart Owns Or her avuistanua

in tha pra~iatwnt of this report.
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A"PPNDIX 11

TIM GONTOUI( OF INTEGRATION IN PLQUATXON (25)

U ~~Tls put.posi of thisu appendix im tu aim-plify the linth uf integrlt~ivi a~p-

poearing 111 (25):

III tile above equ(ih in t~he path oYf integ~ration in tile entire real axiij tind in4

ca11od tile uonitouu C, reprewunted by the p~ath A to N in Fig. 12.

C AS da) lly Lthe tuo closecd pathiu AMflIIA andi JKI.MN(X,

A to~ It fllp PA

f ( ) ~f ()+ /( -2~1i 'IMS'Ldves nt the polea Fwi 0 ), (1

slid w4f~ itre beoth equal tc zero sinuo thr intelrand in vanl.3hingly

%wall on Lite huge civele. Using tPaJ~ rao~ulz i'- (11-1) awl (11-2),

f ( )+1 t + 7-Ki (roaiduc aL tChe pole .- (1~)
A toH J to N H{P w

Ai'd in g the as~icircula) pach iiii v bot'o side* of tto above eqiuation, Unte

/ j()+ 211 (vidmiduc i the I.&*ýe E-
C. r

Tli utk IuLu* neutol -,)trvl 3)
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APPENDIX III

Thid appendix esaentially lints all the Yortvaia IV programn that were

ioued in the various ccntputationa. The 'Haitn Program' which appeaer at the

begirniug was written to compute tlhe radiation part of the ~gneticv current

on the ferritci-rud antenna. Basically it involves a numerti.al integratiun

of a c.-iaplnx function. For thie purpose the behavior of tlh2 real and imag-

ienary parts of the Litagrand for various paramoter rnagen uau examined and n

siaitabnle Gaussian QuadraLure routine was employed. The numericai evaluation

of the interand itself is comprised of cylindrical functions of complex nr-

gument . Prcviouuly available progratas 13] were modified Co maet he Preao-

Li

Si r
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